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Abstract-The thermocoupled neck propagation behavior ofcircular cylindrical bars under tension
has been investigated. These bars have a relatively low strain rate sensitivity and comply with a
thermo-elasto-viscoplastic constitutive equation. Attention has been given to deformations with
strain rate in the range of 0.0002-2 S-1 under isothermal, conductive and adiabatic conditions. A
full axisymmetric finite element analysis of the velocity and temperature fields has clarified the
effects of the deformation rate, material strain rate sensitivity and the thermal conductivity on neck
propagation, including nonsteady-state deformation.

1. INTRODUCTION

The mechanical aspects of instability propagation in polymeric materials have recently
received much attention. Hutchinson and Neale (1983) and Chater and Hutchinson (1984)
investigated neck propagation of tension blocks, bulge propagation in long cylindrical
balloons and buckle propagation of tubes under lateral pressure in terms of simple one­
dimensional analysis. Hutchinson and Neale (1983) presented an approximate three-dimen­
sional analysis ofneck propagation along a round tensile bar under a steady-state condition.
In further studies, full finite-element analyses for a solid circular bar (Neale and Tugcu,
1985) and plane strain block (Fager and Bassani, 1986; Tugcu and Neale, 1987a) have
been conducted. Kyriakides et al. (1984) and Kyriakides (1986) discussed a buckle propa­
gation. Tomita et al. (1990) investigated quasi-static neck and bulge propagation with
respect to circumferential and axial directions, respectively, in cylinders under internal
pressure.

However, due to the strain rate and temperature sensitivity of the material, the insta­
bility propagation behavior manifested different features associated with the boundary
conditions applied. In subsequent studies, the effects of strain rate sensitivity (Tugcu and
Neale, 1987a, b, 1988), the temperature dependency (Tugcu and Neale, 1990a; Tugcu et
al., 1991) and kinematic hardening (Tugcu and Neale, 1987a) on neck propagation behavior
have been investigated. Tugcu and Neale (1987a) and Tugcu et al. (1991) were involved in
the approximate steady-state analysis of axisymmetric fibers and plane strain films, respec­
tively. Yet, details of thermo-elasto-viscoplastic neck propagation, including nonsteady­
state deformation, are still open to investigation.

In this study, the thermo-elasto-viscoplastic deformation behavior of circular cyl­
indrical bars subjected to uniaxial tension with different speeds has been investigated by a
full axisymmetric finite-element method incorporating velocity and temperature field, and
the characteristics of the deformation behavior have been clarified.

2. CONSTITUTIVE EQUATION

The temperature-dependent polymeric deformation behavior obtained experimental1y
(Hoh et al., 1980) has been approximately modeled by a slightly modified uniaxial stress­
strain relation by Fager and Bassani (1986) :
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(e ~ ey ),

(ey ~ e ~ eL ),

(eL ~ e).

(I)

In eqn (1) we take E, N, ea, Sb, Sy and eL as the independent material constants and impose
a continuity requirement on the stress a at S = Sy and e = eu as well as continuity of the
tangent modulus da/de at e = eL' This gives

Ii. = Eey/(Sy ea)N,

M = N/{2{SL -eb){eL -eo)}, P= p{eL -sa)N/exp{M{eL -eb)2}. (2)

Figure 1(a) shows the uniaxial stress-natural strain relations for different temperatures
which were originally obtained by Hoh et al. (l980) and modeled by eqn (l), and Fig. l(b)
depicts the temperature dependency of the material parameters. The concrete form of
Young's modulus E will be given at the end of Section 3. To account for the material
strain rate sensitivity, the uniaxial stress-natural strain relation (l) is simply generalized as
follows:

(3)

where s is the natural strain rate, ao is defined by eqn (I), Sy is the material constant, and
m is the strain rate sensitivity exponent. When either S = 0 or m =0, eqn (3) reduces to a
strain rate independent relation.

A finite strain version of the J 2 flow theory of plasticity in an updated Lagrangian
formulation will be generalized to incorporate the thermo-elasto-viscoplastic material
response. We use eqn (3) as a constitutive equation relating the representative stress ii,
representative strain e, representative strain rate t and absolute temperature T. The total
strain rate is assumed to be the sum of the thermal, elastic and viscoplastic components:

(4)

The thermal and elastic components are given respectively by
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Fig. I. Uniaxial true stress-natural strain curves for isothermal deformation (a) and temperature
dependency of parameters (b).
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T .
dij = IXlJij T,
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(5)

(6)

Here, IX is the thermal expansion coefficient, (") denotes the material time derivative, E is
v

Young's modulus, and v is Poisson's ratio. Ski denotes the Jaumann rate of the Kirchhoff
stress tensor Ski which is identical to the Cauchy stress tensor akl in the current state. Next,
the viscoplastic component is given by

dVP .:ij = PijB, (7)

where a;j is the deviatoric part of the Cauchy stress tensor. The inverse of eqn (6), together
with eqns (4), (5) and (7), gives (Tomita et al., 1989, 1990):

v ••
Sij = Drjkl dkl- Pije-{3ijT,

E IXE I oE
Pij = I +v Pij, {3ij = 1-2v lJij- EoT aij' (8)

In eqn (8), Drjkl is an elastic stiffness tensor and an inverse of Brjkl in eqn (6).
Then, to increase the length of the time steps for stable computation, a forward gradient

method (Peirce et al., 1984) is applied which uses tangent moduli based on an estimate of
the viscoplastic strain rate at a time interval between t and t+At. The final constitutive
equation becomes

• tao '1.
Sij = (Lijkl - Fijkl)dkl - 1+~ Pij - r{3ij,

£lao _ De I ~ P P
ijkl - ijkl- h I +~ ij kh

Fijkl = HaiklJjl+ai/lJjk+ajllJik+ajklJi/),

.: oi I ~ oE _ .
'1 = B,+(J!J.T oT + EhoT aT,

oi ., I
~ = = «(J!J.t) oa h, h = PkIPkl - (oe/o8) (oe/06) - ,

(9)

where (J is a parameter with a value of 0 ~ (J ~ 1. More precise discussion concerning the
derivation of the constitutive equation can be found in Tomita et al. (1989, 1990). The
simplified constitutive equation shown in eqn (9) cannot be expected to accurately describe
the general history-dependent response of underlying polymeric materials. However, the
constitutive equation employed can be adequate for investigating the characteristic features
of the strain, strain rate and temperature-dependent deformation behavior of polymeric
materials.

3. METHOD OF ANALYSIS

The numerical procedure employs the well-established finite element method (Kita­
gawa and Tomita, 1971, 1980), along with the constitutive equation (9). The second and
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Fig. 2. Analytical model and finite element discretization. L!Ro = 4, 0 u!(Uy ), a: normalized
force, u: end displacement.

third terms of the right-hand side ofeqn (9), which represent the strain rate and temperature­
sensitive effects, respectively, are entered into the nodal force term in the finite element
equation. Meanwhile, the finite-element differential heat conduction equation may be estab­
lished by the weak form expression of the energy balance equation (Oden and Aguirre­
Ramirez, 1969) in conjunction with Fourier's law of heat conduction. Ninety-five percent
of the viscoplastic work is assumed to transform into heat. The Houbolt method [Bishop
(1956), see also Bathe and Wilson (1976) for finite element analysis] is used here to transform
the differential equation into a finite difference equation. Two finite element equations
coupled through viscoplastic work are decoupled at each time step and are then solved in
turn. Namely, the finite-element equation is solved for elasto-viscoplastic deformation
during a small time interval while the temperature is held constant. Heat generation and
updated geometry are introduced to the solution of the finite-difference heat conduction
equation, and the current geometry, temperature, stress and so on are updated again;
we then proceed to the next step. Uniform temperature distribution is initially assumed
throughout the bar, and the above-mentioned computations are repeated until the required
deformation has been attained. Provided that the time interval is small enough, the solution
process is stable and the obtained result is accurate. A fixed time interval !:its is applied for
analysis of the finite difference heat conduction equation, whereas the time interval !:it for
the finite element equation is adjusted to !:its by single or multiple steps. The values of
parameters used are e= 1.0, !:its = 25/(; and !:it < 25/(;, where (; = iI/(L8y) and u, Land
8y are shown in Fig. 2 and Table I.

Thermo-elasto-viscoplastic analysis is performed for the bars with slight initial imper­
fections subjected to tension at both ends. Due to the symmetry of the deformation, half
of the bar with finite-element discretization shown in Fig. 2 is investigated. Each quadri­
lateral shown in the vertical section consists of four crossed triangular elements. Heat
generated by viscoplastic work is assumed to be discharged through convection to air at
the side surface. The remaining surfaces are assumed to be adiabatic boundaries.

Table 1. Material and computational parameters.

v
IX

A

Poisson's ratio
Thermal expansion coefficient
Thermal conductivity
Heat transfer coefficient
Density
Normalized rate 0 = u!(Lsy )

Strain rate sensitivity exponent
Reference strain rate

0.3333
l.4x 10- 4 I K- 1

0.326Wm- 1 k- l

1.256 x 104 W m- 2~ I

9.4xI02 kgm- 3

10,103,10'
0.01,0.05
2.0 x 10- SIs- I
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For all calculations reported here, the material and computational parameters used
are summarized in Table I and the temperature dependency of the elasticity modulus and
specific heat are expressed by E=I045-10.63(T-To) (MPa), and c=1.55-25.lj
(T- To-108) (kJ kg- t K- J), respectively. T is the absolute temperature and To = 273 K is
the reference temperature.

4. RESULTS AND DISCUSSION

As discussed in Section 2, uniaxial stress-strain relations of polymeric materials
strongly depend on the temperature and strain rate. In quasi-static and isothermal defor­
mation, the effect of environmental temperature, in other words, the work-hardening
characteristics, substantially influences the neck propagation behavior. Otherwise, a coupled
effect of the deformation-induced heating and its conduction, and material temperature
and strain rate sensitivities manifest themselves in the neck propagation behavior. Here,
the first part of the discussion is restricted in order to concentrate on the effect of the
environmental temperature on neck propagation. Therefore, quasi-static and isothermal
deformations with (; = 10 (corresponding strain rate is 0.0002 s- J) under four different
temperatures, 296, 313, 333 and 353 K, are analysed.

To clarify the effect of temperature on the global behavior of neck propagation, the
load versus elongation has been depicted in Fig. 3(a). For the present case, the computations
were terminated at ujL = 1.5 to suppress the numerical error associated with extreme
elongation of the specific element. The overall deformations are essentially the same as in
the literature of Neale and Tugcu (1985), except for the high temperature case (353 K).
The force attains the maximumamax and then it drops to the local minimum amin with
accompanying neck localization. Upon further straining, the neck stabilizes the neck propa­
gation takes place under approximately steady-state conditions. From the uniaxial stress­
strain relation (1), the necking and the stabilization of necking start at e = N +ea and 8L,

respectively. Figure I (b) illustrates how the difference between these two strains decreses as
the temperature increases. This results in the reduction of the necking stage with decreasing
relative values of amax with respect to amino Since eL < N+ea for 353 K shown in Fig. I,
unlike other cases, the corresponding deformation behavior exhibits no localization.

Figure 3(b) indicates the evolution of the radius of specimen RjRo at cross-section 1
and the triaxiality factor FT' FT is defined as the ratio of average axial stress ayy to average
representative stress a through specimen cross-section, i.e. FT = ifyyja at cross-sections I
and 2, shown in Fig. 2. FT at cross-section 2 has been shown to clarify the deformation
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Fig. 3. Load-elongation curve (a), and evolution oftriaxiaJity factors FT!' FT2 at cross-sections I,
2 in Fig. 2 and normalized radius of R/Ro at cross-section I (b) for quasi-static and isothermal
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Fig. 4. Deformed specimen profiles at elongation ulL = 0.8 for quasi-static and isothermal defor­
mation.

behavior at different positions in the bar. Corresponding deformation profiles at elongation
u/L = 0.8 are shown in Fig. 4.

The relative radius of the specimen R/Ro at cross-section I decreases uniformly as the
deformation proceeds and then drops with neck formation. With neck propagation, it tends
to a specific value. R/Ro in Figs 3(b) and 4 suggest that the smaller-sized and more diffuse
neck propagates as the temperature increases, which conforms to the reduction of necking
stage.

The triaxiality factor FTI at cross-section 1 suddenly increases as the load starts to
drop from the maximum and attains the maximum FTlmax where the load drops to the local
minimum. With further deformation, it decreases and asymptotically tends to the specific
value FTin which approaches unity as the temperature increases. On the other hand, due
to the onset of necking at cross-section 1, the triaxiality factor FT2 first decreases to
the minimum FT2min and then increases to the maximum FT2max as the neck propagates.
Subsequently, it tends toward the specific value FT2s ' Since the deformation states are
different, the two steady-state triaxiality factors have some discrepancy between them, and
FTis < FT2s at all times. Furthermore, the triaxiality factor at the cross-section far removed
from cross-section 1 behaves in much the same way as that of FT2 . It is noted that the stress
state at cross-section 2 experiences a severer three-dimensional stress state as compared
with that at cross-section 1. The delay in the onset of FTlmax and the decrease in magnitude
of FTlmax in the high temperature range are strongly related to the onset of necking and the
reduction of necking stage.. On the other hand, the delay in the onset of FT2max in the
low temperature range can be explained such that the end-displacement induced by neck
propagation of unit length increases as R/Ro decreases.

These results suggest that the material points in the deformed bars experienced at
different stress history depending on their position and that special attention must be paid
to the three-dimensional stress distribution to determine the uniaxial stress-strain relation,
as was done by Tomita and Hayashi (1991).

Next, the effect ofstrain rate and temperature sensitivity on neck propagation has been
investigated by thermo-elasto-viscoplastic analysis for the strain rate sensitivity parameters
m = 0.01, 0.05 and for the nominal deformation rates (; = 10, 103

, 105 (the corresponding
strain rate is 0.0002, 0.02, 2 s- 1) with the material constants shown in Fig. 1 and Table 1
(Hoh et al., 1980) and an enviornmental temperature of 296 K. An adiabatic response in
which 95% of the viscoplastic work is converted to heat and causes a corresponding rise
in temperature without heat transfer inside the specimen has also been investigated for
(; = IO(AD) where (AD) denotes the adiabatic deformation. Since an excessive extention
of the finite element mesh for (; = IO(AD) and (; = 105 was seen for specific elements, to
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temperature dependent deformation.

avoid the introduction of numerical error, computations were terminated when the ratio of
extension of two neighboring elements exceeded approximately 1.5.

Figures 5(a) and (b) show the load versus elongation, and the evolution ofthe triaxiality
factor and the normalized radius, respectively. Figure 6 shows the natural strain-elongation
curves for the element located at the origin in Fig. 2. In this figure, 10 and 1are the initial
and current lengths of the element, respectively.

The results clarify that the effect of heat induced by irreversible work is rather small
before the maximum load point, irrespective of the material strain rate sensitivity, and it
predominantly affects the deformation behavior of the subsequent stages. From Fig. 5(a),
it is noted that an increase in the deformation rate causes the parallel upward shift in the
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Fig. 6. Natural strain--elongation curves for the element at the origin in Fig. 2. 10' I: initial and
current length of element.



232 Y. TOMITA and K. HAYASHI

load--elongation curve at the early stage of deformation. As discussed in the strain rate
dependent isothermal case of metal [Chung and Wagoner (1986); see also Tomita et al.
(1989)], these magnitudes of shift increase as deformation rate and strain rate sensitivity
m increase, whereas they may not cause a substantial change in the elongation at am",' The
latter aspect was also noted by Tugcu and Neale (1988). The stabilization effect of the strain
rate sensitivity is observed after the maximum load point where the load--elongation curves
for m = 0.05 exhibit more gentle decreases accompanying low triaxiality factors and a
diffused neck profile (Fig. 7) when they are compared with those for m = O.oI.

The competing effects of stabilization by strain rate sensitivity and destabilization by
thermal softening are observed in the load-elongation curve where three curves for 0 = 10,
103 and 105 cross in the necking stage. Furthermore, for high strain rate sensitivity, the
strain rate hardening effect overcomes the thermal softening in the neck propagating
stage. Comparison between the conductive case with 0 = 10 and the adiabatic case with
0= 10(AD) clarifies the effect of heat conduction in the low rate of deformation. Results
from the adiabatic case show a completely different feature from the conductive case. As we
can see in Fig. 6, an extension of the element continuously increases and the corresponding
deformation behavior exhibits no steady state. Consequently, thermo-coupled analysis is
required to investigate the influence of the heat induced by the irreversible work and its
conduction. The influence of the rate of deformation on the triaxiality factors can be

0= 10

0=10(AD)

0= 10

0= 1O(AD)

Fig. 7. Deformed specimen profiles at elongation ulL = 0.8 (uiL = 0.6 for m = 0.05 and (; = 105
)

for rate and temperature dependent deformation.
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observed in their values at the later stages of deformation. Due to the destabilization effect
of thermal softening, as we can see in the adiabatic case, steady-state neck propagations
may not be observed in high rates of deformation.

Furthermore, computations have been performed to explore the critical temperatures
under which the effect of thermal softening on neck propagation becomes insignificant, and
a steady-state neck propagation occurs. The results suggest that the corresponding strain
rates are approximately 0.002 s- I and 0.2 s- I in average strain rate, respectively, and
they decrease as the material strain rate sensitivity increases. Additionally, the effect of
thermomechanical coupling on the deformation behavior is substantial, especially at low
deformation rates, and an assumption of adiabatic processes leads to serious over­
estimation of the thermal effect which causes the catastropic difference in deformation
behavior.

Figure 7 shows the deformed specimen profiles and corresponding meshes for u/L = 0.8
(u/L = 0.6 for m = 0.05 and 0 = 105

) under different deformation conditions. The figure
clearly depicts the characteristic feature ofthe steady-state and nonsteady-state deformation
behaviors. Figure 8 shows the temperature rise with respect to initial temperature Ii = 296
K along the y-axis for different deformation stages. It clearly indicates the propagation of
the heat source which in turn obstructs the local heating and causes gentle disribution of
heat to the unnecked parts for relatively slow deformation. A different result can be seen
in cases ofa high rate ofdeformation and adiabatic deformation, where the high temperature
area is fixed in a specific area. The subsequent deformation process manifests itself as
autocatalytic. The temperature rise in Tugcu and Neale (1990) is comparable with that of
the present investigation. Not knowing the values of individual material parameters, it is
very difficult to make a direct comparison with the present case; however, the existence of
nonsteady-state deformation may not be removed in their analysis.

5. CONCLUSIONS

The present investigation has employed a rather simple strain rate and temperature­
dependent isotropic constitutive model; the results nevertheless provide insight into the
effects of strain rate and temperature sensitivities and thermomechanical coupling on
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the deformation behavior of polymeric material. The main results under quasi-static and
isothermal deformation are as follows:

(I) The decrease in difference between the strain at the maximum load point and that of
the upturn point in the uniaxial stress strain relation in the high temperature range
causes the decrease in the relative value of amax with respect to amin, size of neck, and
three-dimensionality of the stress system.

(2) The triaxiality factors at the center and an off-center cross-section of the bar are
generally different and the material at off-center cross-section experiences a severer
three-dimensional stress state compared with that at the center cross-section.

The thermomechanical coupled analyses clarified the following:

(3) The strain rate hardening effect causes the shift in the load-elongation curve in the
early stage of deformation, whereas the competing effects of stabilization by strain rate
sensitivity and destabilization by thermal softening appear in the necking stage.

(4) In the high rate of deformation and adiabatic case, due to the severe thermal softening,
the neck does not propagate and the heat source is fixed in a specific area. Accordingly,
the deformation process manifests itself autocatalytically.

(5) In the present materials, the critical temperatures under which the effect of thermal
softening on neck propagation becomes insignificant, and steady-state neck propagation
occurs at approximately 0.002 S-I and 0.2 s-1, respectively, and they decrease as the
material strain rate sensitivity increases.
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